
UsingSingular ValueDecompositionApproximation for CollaborativeFiltering

ShengZhang,WeihongWang,JamesFord,Fillia Makedon
Departmentof ComputerScience,DartmouthCollege,Hanover, NH 03755

f clap,whwang,jford, makedong@cs.dartmouth.edu

JustinPearlman
Departmentsof Medicine& Radiology, DartmouthMedicalSchool,Lebanon,NH 03766

justin.pearlman@dartmouth.edu

Abstract

SingularValueDecomposition(SVD),togetherwith the
Expectation-Maximization(EM) procedure, can be used
to �nd a low-dimensionmodel that maximizesthe log-
likelihoodof observedratingsin recommendationsystems.
However, thecomputationalcostof thisapproach is a major
concern,sinceeach iteration of theEM algorithmrequires
a new SVDcomputation.Wepresenta novelalgorithmthat
incorporatesSVDapproximationinto theEM procedure to
reducetheoverall computationalcostwhilemaintainingac-
curatepredictions.Furthermore, weproposea new frame-
work for collaborating �ltering in distributedrecommenda-
tion systemsthat allowsusers to maintaintheir ownrating
pro�les for privacy. A serverperiodically collectsaggre-
gateinformationfromthoseusers thatareonlineto provide
predictionsfor all users. Both theoretical analysisandex-
perimentalresultsshowthat this framework is effectiveand
achievesalmostthesamepredictionperformanceasthatof
centralizedsystems.

Keywords: CollaborativeFiltering, SVDApproximation,
EM Procedure.

1. Intr oduction

Collaborative Filtering analyzes a user preferences
databaseto predictadditionalproductsor servicesin which
ausermightbeinterested.Thegoalis to predicttheprefer-
encesof auserbasedonthepreferencesof otherswith sim-
ilar tastes. Thereare two generalclassesof collaborative
�ltering algorithms.Memory basedalgorithms[2, 11, 14]
operateover theentiredatabaseto makepredictions.Model
basedalgorithms[1, 4, 6, 12, 13] usethe databaseto esti-
mateor learnamodelfor predictions.

Low-dimensionlinearmodelsareapopularmeansto de-
scribeuserpreferences.The following are representative

state-of-the-artcollaborative �ltering algorithms: [1, 4, 6]
directly assumethat the userpreferencesdatabaseis gen-
eratedfrom a linearmodel,matrix factorizationbasedcol-
laborative �ltering methods[3, 9, 15, 16] obtainanexplicit
linear model to approximatethe original userpreferences
matrix, and[2, 11] usethe Pearsoncorrelationcoef�cient,
which is equivalentto a linear�t.

If we assumethat users' ratings are generatedfrom
a low-dimension linear model together with Gaussian-
distributednoise,theSingularValueDecomposition(SVD)
techniquecanbe usedto �nd the linear model that maxi-
mizesthelog-likelihoodof theratingmatrix,assumingit is
complete.If the ratingmatrix is incomplete,asis thecase
in real-world systems,SVD cannotbeapplieddirectly. The
Expectation-Maximization(EM) procedure[4, 16] canbe
usedto �nd the model that maximizesthe log-likelihood
of the availableratings,but this requiresa SVD computa-
tion of thewholematrix for eachEM iteration.As thesize
of the rating matrix is usuallyhuge(dueto large numbers
of usersanditemsin typical recommendationsystems),the
computationalcostof SVD becomesanimportantconcern.
DeterministicSVD methodsfor computingall singularvec-
torsonanm-by-n matrixtakeO(mn2+ m2n) time,andthe
LanczosmethodrequiresroughlyO(kmn log(mn)) timeto
approximatethetopk singularvectors[10].

In this work, we presenta novel algorithmbasedon us-
ing an SVD approximationtechniqueto reducethe com-
putationalcost of SVD basedcollaborative �ltering. The
basicideais thatin eachiterationof EM procedure,asetof
userrating pro�les (rows) aresampledin a way suchthat
the top k right singularvectorsof the resultingsub-matrix
approximatethetop k right singularvectorsof theoriginal
matrix. Whenthis is done,SVD canbeconductedon this
sub-matrixinsteadof thewholematrixwhile still accurately
updatingall elementsin thematrix.

We further extend this idea to a distributed collabora-
tive�ltering scenario,whereusersmaintaintheirown rating
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pro�les for privacy andaserverperiodicallycollectsaggre-
gateinformationfrom onlineusersin orderto providerating
predictionsondemand.Weshow thatwith ahighprobabil-
ity, the rating pro�les of a randomsmall set of usersare
capableof makingalmostthesamepredictionsastherating
pro�les of all users.

The organizationof this paperis asfollows. Section2
describesthe linear model usedfor rating, explains why
SVD is useful, and explains how the EM procedurecan
be usedin practicalsystems.Section3 presentsour algo-
rithm, which incorporatestheSVD approximationinto the
EM procedure,andgivesatheoreticalanalysisof it. Section
4 proposesour framework for collaborative �ltering in dis-
tributedrecommendationsystemsandpresentsalgorithms
for computingaggregatesandmakingpredictions.We also
discussalgorithmstability andsurvey thesecurityschemes
thatcanbeusedfor preservingprivacy. Section5 presents
experimentalresultsobtainedfrom real datasets. Finally,
Section6 concludesthepaper.

2. Background

Thefundamentalproblemaddressedby linearmodelsis
how to ef�ciently representa large matrix of userratings.
Denotethe rating matrix asA (m users-by-n items); then
A ( i ) (thei th row of A) is useri 's ratingpro�le andA ij rep-
resentsthe ratinggivenby useri on item j . De�ne matrix
X (m-by-n andwith rank at mostk) asa low-dimension
linearmodelthatapproximatestheratingmatrixA. Hence,
eachelementA ij is equalto X ij plusanerror that is from
a Gaussiandistribution with zeromeanandstandarddevi-
ation � ij . For simplicity, we assumethat all � ij areequal
to � . Therefore,A ij � N(X ij ; � ), andthelog-likelihoodof
A ij givenX ij followsas

logPr(A ij jX ij ) = �
1

2� 2 (A ij � X ij )2 + C:

In this andfollowing equations,C is a constant.If we as-
sumethatPr(A ij jX ij ) areindependent,the log-likelihood
of thewholeratingmatrixA giventhelinearmodelX is

logPr(AjX ) = log
Y

ij

Pr(A ij jX ij )

= �
1

2� 2

X

ij

(A ij � X ij )2 + C:

Thus,if A is completelyknown, �nding the X that maxi-
mizeslogPr(AjX ) is equivalentto �nding theX thatmin-
imizes

P
ij (A ij � X ij )2, which is a leastsquareproblem

andcanbe solved by SVD. If A is factorizedin the form
A = USV T via SVD, then the productof the top k left
singularvectorsUk , the diagonalmatrix of the top k sin-
gularvaluesSk , andthetransposeof thetop k right singu-
lar vectorsV T

k satis�eskA � Uk Sk V T
k kF � kA � M kF

for any matrix M with rank lessthanor equalto k, where
k � kF denotestheFrobeniusNorm. Sogivena completely
known ratingmatrixA, X = Uk Sk V T

k canbeconsideredas
themostprobableor themostaccuratek-dimensionallinear
modelthatdescribesA.

In real recommendationsystems,the ratingmatrix A is
incomplete,which meansthat someratingsare available
while othersare unknown (unrated). To deal with an in-
completerating matrix, onecan imputemissingelements
usingsomesimplemethodssuchasusinguseraveragesor
item averages,and then �nd the linear model that �ts the
�lled-in rating matrix best. However, imputedvaluesob-
tainedby thesenaive methodsarenot likely to betrue,and
thusthe linearmodelfoundmaydeviatesigni�cantly from
the truemodel. A betterway to dealwith missingratings,
describedin [4, 16], is to �nd themodelthatmaximizesthe
log-likelihoodof all observedratings(denotedasAo) using
anEM procedure.

TheExpectationstepof thetth iterationin theEM pro-
cedureupdatesthe expectedexpressionof the complete-
datalog-likelihoodwith respectto the unknown data(de-
noted as Au ) given the observed data Ao and the cur-
rent parameterestimatesX ( t � 1) , which canbe written as
E[logPr(Ao; Au jX )jAo; X ( t � 1) ]. If A ij is observed,

E[logPr(A ij jX )jAo; X ( t � 1) ] = �
1

2� 2 (A ij � X ij )2 + C:

If A ij is unknown, we have E[A ij jX ( t � 1)
ij ] = X ( t � 1)

ij . It
is becauseA ij � N(X ij ; � ), andthe expectedexpression
of A ij given thecurrentparameterestimateX ( t � 1)

ij is thus
equalto thatestimate.Therefore,

E[logPr(A ij jX )jAo; X ( t � 1) ]

= E[logPr(A ij jX ij )jX ( t � 1)
ij ]

= �
1

2� 2 E[(A ij � X ij )2jX ( t � 1)
ij ] + C

= �
1

2� 2 (E[A2
ij jX ( t � 1)

ij ] � 2E[A ij X ij jX ( t � 1)
ij ] + X 2

ij ) + C

= �
1

2� 2 ((X ( t � 1)
ij )2 + � 2 � 2X ( t � 1)

ij X ij + X 2
ij ) + C

= �
1

2� 2 (X ( t � 1)
ij � X ij )2 + C:

By combiningthesetwo cases,

E[logPr(Ao; Au jX )jAo; X ( t � 1) ]

= E[log(Pr (AojX ) Pr(Au jX )) jAo; X t � 1]

= �
1

2� 2 (
X

A ij 2 A o

(A ij � X ij )2

+
X

A ij 2 A u

(X ( t � 1)
ij � X ij )2) + C: (1)
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TheMaximization stepof thetth iterationcomputesthe
updatedmodel X ( t ) that maximizesthe expectedexpres-
sionobtainedin theExpectationstep.By equation(1), we
know thatX ( t ) shouldbethematrix thatminimizes

X

A ij 2 A o

(A ij � X ij )2 +
X

A ij 2 A u

(X ( t � 1)
ij � X ij )2:

Denoteas A ( t ) a �lled-in matrix whoseunknown entries
have been�lled in from X ( t � 1) , i.e.,

A ( t )
ij =

�
A ij if A ij is observed
X ( t � 1)

ij if A ij is unknown

. Thus,theobjective becomes�nding themodelX ( t ) that
minimizes

P
ij (A ( t )

ij � X ij )2. As shown above, this prob-
lem canbesolvedby performingSVD on A ( t ) to calculate
thebestrankk approximationto it.

The EM procedureis ensuredto converge [8], which
meansthat the log-likelihoodof all observed ratingsgiven
the currentmodel estimateis always nondecreasing.Be-
causeA ij is from a Gaussiandistribution with X ij as its
mean,given X ij Pr(A ij jX ij ) obtainsits maximumwhen
A ij is equalto X ij . Thus, X ij is the bestpredictionfor
useri 's ratingon item j .

3. SVD Approximation in Centralized Recom-
mendationSystems

In this section,we discusshow to useSVD approxima-
tion to reducethecomputationalcostof theSVD basedcol-
laborative �ltering in traditional centralizedrecommenda-
tion systemswherethe server keepsall users' rating pro-
�les. If theserver usestheEM procedureshown in Section
2, the computationalcost will be l � O(mn2 + m2n), in
which l is thenumberof iterationsof theEM procedureand
O(mn2 + m2n) is thecomputationalcostof performingde-
terministicSVD on an m(users)-by-n(items)matrix. This
cost is expensive becausem andn canbe very large in a
recommendationsystem,from thousandsto millions.

TheSVD Approximationtechniqueof Drineaset al. [5]
shows that for any matrix A (m-by-n), if c rows aresam-
pledandscaledappropriately, thetop right singularvectors
of thenew matrixC (c-by-n) approximatethetopright sin-
gular vectorsof A. More formally, assumethat in picking
a certainrow for C, theprobability that the i th row in A is
picked (denotedaspi ) is suchthat pi � � kA ( i ) k2=kAk2

F ,
where� is a constantandk � k, denotinga vector's length,
is equalto thesquaredroot of thesumof thesquaresof all
its elements,andsupposethat if A ( i ) is picked,A ( i ) =

p
cpi

will be includedasa row in C. DenoteH (n-by-k) asthe
matrix formedby thetop k right singularvectorsof C and

Ak (Ak = Uk Sk V T
k ) asthe bestrank k approximationto

A. It follows thatfor any c � n and� > 0,

kA� AH H T k2
F � kA� Ak k2

F +2(1+
p

8ln(2=� ))

s
k
� c

kAk2
F :

(2)
In addition,if pi = kA ( i ) k2=kAk2

F , which impliesthat� is
equalto one,

kA� AH H T k2
F � kA� Ak k2

F +2(1+
p

8ln(2=� ))

r
k
c

kAk2
F :

(3)
Theproofof bothinequalitiescanbefoundin [5].

As discussedin Section2, theobjectiveof themaximiza-
tion stepin thetth iterationof theEM procedureis to com-
pute the bestrank k approximationto the �lled-in matrix
A ( t ) . Using SVD approximation,the server cansamplec
users'rating pro�les (rows in A) with probability propor-
tional to their lengthsquaredandform the matrix C after
scaling. Note here that the c samplesare not necessar-
ily from c different users,and that a user's rating pro�le
mightbesampledmorethanonceaccordingto thesampling
method.After computingthetopk right singularvectorsof
C andobtainingthematrixH , theservercanuseA ( t ) H H T

to approximateA ( t )
k . Then in the expectationstepof the

(t + 1)th iteration,the unknown entry A ij is calculatedas
(A ( t ) H H T ) ij .

By inequality(3), the server hasa high con�dencethat
given the same�lled-in matrix A ( t ) , the rank k model
A ( t ) H H T obtainedvia SVD approximationis closeto the
best rank k approximationA ( t )

k . Therefore,with a high
probability, the EM procedureis likely to calculatemore
andmorelikely truevaluesfor missingentries.Thisimplies
thatalthoughtheEM procedurewith SVD approximationis
not guaranteedto convergeon anoptimalsolution,thelog-
likelihoodof observedratingswill generallyincrease.

Algorithm 1 EM Procedurevia SVD approximation

1: Setinitial valuesX (0)
ij for unknown entriesA ij .

2: while in thetth iterationof EM proceduredo
3: Fill in A by replacingunknown entriesA ij with

X ( t � 1)
ij , denotethe�lled-in matrixasA ( t ) .

4: Setpi = kA ( t )
( i ) k

2=kA ( t ) k2
F , andpick c rows from A.

If thei th row is picked,includeA ( t )
( i ) =

p
cpi in C.

5: Computethe top k right singularvectorsof C and
form thesek vectorsinto thematrixH .

6: X ( t ) = A ( t ) H H T :
7: endwhile

Algorithm 1 shows thedetailsof applyingSVD approx-
imation in centralizedrecommendationsystems.Note that
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to computethetop k right singularvectorsof C (line 5) di-
rectly by performingSVD on C takesO(c2n + cn2) time.
A moreef�cient approachis to computeCCT �rst (O(c2n)
time),andthenperformSVD on CCT (O(c3) time). From
basiclinearalgebra,we know that the left singularvectors
of CT C arethesameasthe left singularvectorsof C, and
thatthesingularvaluesof CT C arethesquaresof thesingu-
lar valuesof C. Thus,thetop k right singularvectorsof C
canbecomputedvia its top k left singularvectorsandtop
k singularvalues(O(cnk) time). As generallyk is much
smallerthanc andc is muchsmallerthann, thetotal com-
putationalcostof performingSVD on C in theabove way
is O(c2n).

4. SVD Approximation in Distrib uted Recom-
mendationSystems

Traditional centralizedrecommendationsystemshave
problemssuchasuserslosingtheir privacy, retail monopo-
lies beingfavored,anddiffusionof innovationsbeingham-
pered[3]. Distributedcollaborative�ltering systems,where
userskeeptheir ratingpro�les to themselves,have thepo-
tential to correct theseproblems. However, in the dis-
tributedscenariotherearetwo new problemsthat needto
bedealtwith. The�rst problemis how to ensurethatusers'
dataarenot revealedto theserverandotherusers.Thesec-
ondproblemis how to ensurethatuserscangetasaccurate
predictionsasthey do in thecentralizedscenario.This pa-
per is mainly focusedon the secondproblem,andconse-
quentlywe rely mechanismsshown in [3, 7] to addressthe
�rst problem.

Sincetheservercannotdirectlyseeusers'ratingpro�les,
it needsto computeanaggregate(a learningresultbasedon
userinformation)for makingpredictions.Figure1 shows
our framework for collaborative �ltering in distributedrec-
ommendationsystems.At a certaintime point t, theserver
securelycomputestheaggregate(denotedasGt ) from those
userswhoareonlineat thattimepoint (denotedasUt ); “se-
curely” heremeansthat users' rating pro�les arenot dis-
closedto theserver andotherusers.Betweentime point t
and t + 1, whena certainuser(no matterwhethersheis
in Ut or not)needspredictions,theservercomputespredic-
tions basedon this user's rating pro�le and the aggregate
Gt .

Thereasonof computingaggregatesperiodicallyis that
users'rating pro�les aredynamic. For any given user, the
probabilitythatheis in Ut is independentof theprobability
that he is in Ut +1 , so Ut andUt +1 would be expectedto
have few usersin common(givensuf�ciently many users).
Therefore,it is hard to �nd a way to combineaggregates
computedat differenttime pointsfor predictions.A more
minor concernin this framework is how the server picks
time points for aggregate computations. Of course,time

predict basedon Gt

computeGt computeGt+1

t t + 1

Figure 1. The frame work for collaborative �l­
tering in distrib uted recommendation sys­
tems.

pointsatwhichmoreusersareonlineseempreferable,since
having more usersgenerallylead to more accuratelearn-
ing results. On the otherhand,accordingto the following
theoreticalanalysisandexperimentalresults,asmallsubset
(about5%) of all usersis oftenenoughfor goodpredictions.

4.1 Algorithms and Theoretical Analysis

We�rst presentalgorithmsfor computingaggregatesand
generatingpredictionsand then a theoreticalanalysisof
their performance.Assumethat therearec onlineusersat
time point t, andthat their ratingpro�les aredenotedA (1)

to A (c) . Algorithm 2 shows how to generatetheaggregate.

Algorithm 2 ComputingtheaggregateGt

1: for eachuseri , to eachunknown entryA ij do
2: If A ij hasbeenpredictedbefore,replaceA ij with

thelatestprediction.
3: ElsereplaceA ij with theaverageof useri 's ratings.
4: end for
5: Theserver securelyperformsSVD on thematrix C (c-

by-n) formedby �lled-in ratingpro�les.
6: AggregateGt is thematrix (n-by-c) formedby thetop

k right singularvectorsof C.

Whena useri asksfor predictions,theserver generates
predictionsasfollowsusingtheaggregateGt .

Algorithm 3 Generatingpredictionsfor useri
1: For eachunknown entryA ij , if A ij hasbeenpredicted

before,replaceA ij with thelatestprediction.
2: ElsereplaceA ij with theaverageof useri 's ratings.
3: Multiply the �lled-in rating pro�le vector(1-by-n) by

Gt GT
t to generatepredictions.

For analysis,wemake thefollowing two assumptions.
Assumption 1: thereexists a constant� suchthat for

any m andfor any useri , the �lled-in ratingpro�le vector
(denotedasA �

( i ) ) satis�es
P m

j =1 kA �
( j ) k

2=(m � kA �
( i ) k

2) �
� . Recallthatm is thetotalnumberof users.Thesoundness
of thisassumptionis shown in AppendixA.
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Assumption 2: thereis a uniform, constantprobability
thatany useris onlineatany timepoint.

Assumingthat c usersare online (sampled)at a time
point accordingto Assumption2, then such a sampling
methodis similar to anothersamplingmethodthat picks
alsoc samplesin the following way: to choosea sample,
theprobabilitythatany useris pickedis uniform(i.e., 1=m).
Note that picking c usersat randomis not the sameasse-
quentiallypicking c userswith a uniform probability. The
differenceis that eachuserwill be picked at mostoncein
the �rst case,while a usermight appearmorethanoncein
thesecond.Takinginto accountthefactthattheprobability
of repetitionsissmallwhenc isconsiderablysmallerthann,
for simplicity thesetwo samplingmethodscanberegarded
asequivalentin practice.

This observation, togetherwith Assumption1, leadsto
the following conclusion. At time point t, denoteA � as
the�lled-in ratingmatrix aftereachuserimputesunknown
entriesandA �

k asthebestrankk approximationto A � . As-
sumethattherearec onlineusersandthatif useri is online,
A �

( i ) =
p

c=m is a row in C. Thenby inequality(2), theGt

formedfrom the top k right singularvectorsof C satis�es
thefollowing inequality:for any � > 0.

kA � � A � Gt GT
t k2

F � kA � � A �
k k2

F + (4)

2(1 +
p

8ln(2=� ))

s
k
� c

kA � k2
F :

Sinceeachrow in C hasthesamescalar
p

c=m, it canbe
omittedbecauseit will notaffect theresultingsingularvec-
tors.Therefore,onlineusers'�lled-in ratingpro�les canbe
directlycombinedto form C usingAlgorithm 2.

Theaboveinequalitysaysthatwith ahighprobabilitythe
computedaggregateimpliesa highly accuratelinearmodel
behindthecurrent�lled-in ratingmatrix. For anunknown
entryA ij , if theservermakespredictionsfor useri between
time point t andt + 1, thenits correspondingvalueA �

ij at
timepointt+ 1 will beimputedbasedonthemodelestimate
obtainedat time point t. Therefore,the aggregatecompu-
tation can be taken as the model re-estimationprocessin
the EM proceduremaximizationstep,andpredictiongen-
erationcanbe takenasthecalculationof expectedexpres-
sionsin theexpectationstep.Someonlineusersinvolvedin
theaggregatecomputationmaynotaskfor predictionssince
thelastaggregatecomputation,which impliesthattheirun-
known rating entrieshave not beenimputedbasedon the
updatedmodelestimate.Nonetheless,we canrequirethem
to computepredictions�rst basedonGt beforethey join the
computationof Gt +1 . Therefore,theservermaysometimes
requiremoretimesof aggregatecomputationsto obtainthe
accuratemodel,but the�nal predictionaccuracy will notbe
affecteda lot.
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user s on the ratio of chang e in kVk V T

k k, that
is kVk V T

k � V̂k V̂ T
k jF =kVk V T

k kF , here k = 10.

4.2 Stability of Predictions

A potential problem in a rating systemis that users,
items,andratingsareall dynamicandsubjectto changeat
any time. As a resultof this, theratingmatrix maychange
betweentwo aggregatecomputationsasa resultof the fol-
lowing threesituations:1) usersgiving new (updated)rat-
ingson items;2) new usersbeingregisteredin thesystem;
and 3) new items being addedto the system. An altered
rating matrix typically requiresa different linear model to
bestdescribeit. However, the linear modelshouldnot be
disturbedto a signi�cant extentwhentheratingmatrix un-
dergoesa small change—otherwisepredictionsmadebe-
tweentwo aggregatecomputationwill probablybeinaccu-
rate.Sincethecomputedaggregatein Algorithm 2 approx-
imatesthe top k right singularvectors(Vk ) of the current
�lled-in rating matrix, the coreconcernis an instability in
Vk V T

k .
We conductedtwo preliminaryexperimentson a 5000-

by-1427rating matrix from the EachMovie dataset to as-
sessthe impactof rating matrix changeson Vk V T

k . In the
�rst experiment,90%of theentriesarerandomlypickedto
form the original rating matrix A, and the rest of the en-
triesareprogressively addedto form Â. In thesecondex-
periment,ratingpro�les from 90%of theusersareusedto
form the initial matrix A andthe remainingusersarepro-
gressively addedto createÂ. The casewherenew items
areaddedis not consideredherebecausethesizeof Vk V T

k
will changeas the numberof items is changed,and this
will make it dif�cult to assessits effect. Figure 2 shows
that the differencebetweenVk V T

k andV̂k V̂ T
k is in a small

range(6%) whenthenumberof ratingcasesor thenumber
of usersis increasedwithin a small range(3%). In a real
system,it is reasonablethatchangesin thenumberof rating
casesandthenumberof userswill bein this rangebetween
two consecutive aggregatecomputations.

Anotherissuerelatedto thestabilityof resultsis how fre-
quentlytheaggregateshouldbecomputed.NotethatGt GT

t
(theproductof aggregateandits transpose)hasa �x edsize
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(n-by-n) no matterhow many online usersjoin the aggre-
gatecomputations.The frequency of aggregatecomputa-
tionscanthusbedecidedbasedonthedisturbanceof Gt GT

t .
Whenthechangeis very small,theinterval betweenaggre-
gatecomputationscanbemadelonger, andviceversa.

4.3 Preserving Privacy

Thiswork is not focusedon improvementsin preserving
privacy in thedistributedscenario,soto addresstheprivacy
issuein Algorithm 2 and3, weapplysecurityschemespro-
posedin [3, 7]. In Algorithm 2, a distributedsecureSVD
computationis neededto ensurethat users'rating pro�les
arenot revealedto otherusersor theserver. Canny's paper
[3] proposeda schemeto achieve this objective. The idea
is to reducetheSVD computationto aniterativecalculation
requiringonly theadditionof vectorsof userdata,anduse
homomorphicencryptionto allow the sumsof encrypted
vectorsto becomputedanddecryptedwithoutexposingin-
dividualdata.

In Algorithm 3, themultiplicationof a user's ratingpro-
�le by Gt GT

t shouldbesecurelycomputedbothsothatthe
server cannotlearn the rating pro�le and so that the user
cannotlearn Gt GT

t . Moreover, the multiplication result
shouldnot be revealedto the server either, as in that case
theserver couldeasilycomputetheuser's ratingdata.The
multiplicationsof avectorby amatrixcanbeconsideredas
a groupof scalarproducts.Thereareseveral privacy pre-
servingschemesfor calculatingscalarproductsin thesecu-
rity literatureandoneof themis presentedin [7]. It alsohas
an asymmetricversionto let only onesideknow the �nal
result.

5 Results

The objectivesof our experimentswereto test the per-
formanceof SVD approximationin two situations:in cen-
tralizedrecommendationsystems(Algorithm 1) andin dis-
tributedrecommendationsystems(Algorithm 2 and3).

Two datasets,known as Jesterand EachMovie, were
usedin experiments. Jesteris a web basedjoke recom-
mendationsystemdevelopedattheUniversityof California,
Berkeley [9]. Thedatasetcontains100jokes,with userrat-
ings rangingfrom � 10 to 10. The EachMovie setis from
aresearchprojectat theCompagSystemsResearchCenter.
Userratingsfor moviesarerecordedonanumericsix-point
scale(0; 0:2; 0:4; 0:6; 0:8; 1:0). The density(or fraction of
theratingmatrixthatis �lled) of theJestersetis about50%,
while thatof EachMovie is only 3%.

For eachexperiment,we pick a 5000-by-100(users-by-
items) rating matrix from the Jesterdataset and a 5000-
by-1427 rating matrix from EachMovie. For eachrating
matrix,90%of theobservedratingsarerandomlypickedas
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Figure 3. Comparison of Algorithm 1 (with
three appr oximation ratios of 2%, 5%, and
10%) with the standar d EM algorithm (“no ap­
proximation").

availableandtheotherobservedratingsareregardedastest
cases.Algorithms areperformedon the availablecasesto
make predictionsfor the testcases.For all algorithms,the
reducedlineardimension(k) is equalto 4. This valuewas
selectedempirically basedon both predictionresultsand
convergencerate.It is consistentwith theresultsin [16].

Theexperimentalmeasureusedfor comparisonsis Nor-
malizedMeanAbsoluteError (NMAE), whichis theaverage
of theabsolutevaluesof thedifferencebetweentherealrat-
ingsandthepredictedratingsdividedby theratingsrange.

5.1 Experiment 1

Experiment1 examinesthe performanceof applying
SVDapproximationin thecentralizedrecommendationsys-
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temscenario.Theselectedapproximationratios(thenum-
ber of rows (c) in Algorithm 1 over the numberof users)
are2%, 5%, and10%. Figure3 displaysNMAE resultsof
Algorithm 1 with thesethreeapproximationratiosandthe
standardEM procedurewithout SVD approximation. As
predictedanalyticallyin Section3, thelog-likelihoodof ob-
servedratingsin EM procedurewith SVD approximationis
generallyincreasing,althoughit is not monotonicallyin-
creasing.Thus,Figure3 is a veri�cation thattheprediction
accuracy of Algorithm 1 generallyincreaseswhenmoreit-
erationareusedin theEM procedure.In bothdatasets,the
NMAE of Algorithm 1 with anapproximationratio of 5%
is lessthan2% higherthantheNMAE for thestandardal-
gorithm.Moreover, theconvergencerateof bothalgorithms
is nearlyidentical. Algorithm 1 takesonly aboutonetenth
the time for eachiterationcomparedwith the standardal-
gorithm. All thesepointssupportthe conclusionthat our
algorithmis practicalfor real-world systems.

5.2 Experiment 2

In experiment2, the performanceof Algorithm 2 and
3 whenappliedin the distributedrecommendationsystem
scenariois comparedwith theperformanceof thestandard
EM procedurein thecentralizedscenario.For algorithmsin
the distributedscenario,a randomset(2%, 5%, and10%)
of the userrating pro�les are picked for eachtime-step's
aggregatecomputation.We assumethat 50% of the users
askfor predictionsduring two aggregatecomputations,so
a random50% of the rows arepicked, in which unknown
entriesareimputedbasedon the currentaggregate. In or-
derto comparethecentralizedEM algorithmwith theother
cases,eachiterationin it is regardedasoneaggregatecom-
putation,andall missingentriesareimputedbasedon the
currentmodelestimateaftereachiteration. Figure4 gives
theNMAE resultsobtainedin thesetwo scenarios.It shows
thatouralgorithmsfor distributedrecommendationsystems
arecomparableto the EM procedurealgorithmin central-
izedrecommendationsystemsundertheseconditions.With
only 5% of the usersonline in eachtime-step's aggregate
computation,thedistributedscenarioachievesa prediction
accuracy that is at most2% worsethanthatof thecentral-
izedscenario.

6 Conclusion

This paperpresentsnovel collaborative �ltering algo-
rithms that incorporateSVD approximationtechniqueinto
an SVD basedEM procedure. In centralizedrecommen-
dationsystems,thestandardSVD basedEM procedureal-
gorithmtakesO(m2n + mn2) time for eachSVD compu-
tation, while our new algorithmwith SVD approximation
takesonly O(s2n) time. Experimentson existing datasets
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Figure 4. Comparison of algorithms in dis­
trib uted recommendation systems (when the
number of online user s in each aggregate
computation is 2%, 5%, or 10% of the total
number of user s) with the standar d EM algo­
rithm as applied in centraliz ed recommenda­
tion systems (“All user s").

show thatouralgorithmis verypromising.Its predictionac-
curacy is almostthesameasthatof thestandardalgorithm
even if a small approximationratio is used. We alsopro-
posea new framework for collaborative �ltering via SVD
approximationin distributed recommendationsystemsin
which theserver periodicallycalculatesanaggregatefrom
online users' rating pro�les andmakespredictionsfor all
usersbasedon it. Our experimentsshow thatif thenumber
of online usersis at least� ve percentof the total number
of users,thepredictionaccuracy in thisdistributedscenario
is almostthe sameas what is obtainedin the centralized
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scenario.
In the proposeddistributed framework, there is still a

centralserver that computesaggregatesandprovidespre-
dictions.Thisframework is suitablefor onlinecollaborative
�ltering serviceprovidersif usersareconcernedaboutthe
privacy of theirratingpro�les. However, arecommendation
systembasedon a centralserver is lesssuitedfor peer-to-
peerenvironments. Therefore,onepossibleprojectof fu-
ture work is to extendthe currentserver-baseddistributed
framework to a peer-to-peerenvironment,wherewe need
to consideradditionalissuessuchastheavailability of peers
thatkeepaggregates,thevalidity of aggregates,andlimita-
tionsonpeerresources.
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Appendix

A. Soundnessof Assumption1

To verify the soundnessof Assumption1, an experi-
mentwasperformedona5000-by-1427ratingmatrix from
EachMovie. Missing entriesare �lled in using the av-
erageof that user for all available entries. Let � � =
min i

P m
j =1 kA �

( j ) k
2=(m � kA �

( i ) k
2). Table 1 displaysthe

meanvalueandthe standarddeviation of � � (from 20 tri-
als)whenm increasesfrom 1000to 5000. It shows that� �

is verystablewhenm increases.

Table 1. The mean value (“mean") and the
standar d deviation (“std") of � � from 20 tri­
als when m increases.

m 1000 2000 3000 4000 5000
mean 0.406 0.407 0.407 0.407 0.407
std 0.006 0.003 0.002 0.001 0.000
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